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Abstract
We show that every quasiconformal contact foliation supports an invari-
ant metric and characterise these foliations by the dynamical property
of C'-equicontinuity. We prove that a generalisation of the Weinstein
conjecture holds for quasiconformal contact foliations, and provide a
lower bound to the number of closed leaves. In particular, we show
that the Weinstein conjecture holds for quasiconformal Reeb fields.
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1 Introduction

A g-contact structure is a generalisation of a number of contact-like structures,
including contact manifolds. On a (2n + ¢)-dimensional manifold M, such
structure induces a splitting TM = £ & R, where £ is a totally non-integrable
bundle and R integrates to a contact foliation JF, which is the orbit foliation of
a Lie group action of R? on M, called a contact action. In this respect, F is a
high dimensional analogue to the flow of the Reeb vector field of a coorientable
contact structure. For instance, Weyl chamber actions are of contact nature
[1, Theorem 1.0.2].

In the author’s earlier work [2], contact foliations were investigated in fur-
ther detail, with particular interest in the existence of closed leaves when the
ambient manifold is closed. We called such problem the strong generalised
Weinstein conjecture. The conjecture holds in several cases, particularly when
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R? acts on M via isometries of a metric ¢g. In this case, we say the contact
foliation is isometric.

It turns out that the existence of a bundle-like metric for F is sufficient
to guarantee that F is isometric. In other worlds, every Riemannian contact
foliation is isometric, so the two classes coincide [2, Section 3.2]. In this paper,
we strengthen this equivalence by showing that, up to a choice of metric, a
quasiconformal (in particular, conformal) contact foliation can be assumed
isometric. More accurately, for contact foliations all these different notions can
be characterised by the property of being equicontinuous with respect to the
C'-topology, which we call O -equicontinuity.

Theorem A Let F be a contact foliation on a closed manifold M. The following
are equivalent.

(i) F is C*-equicontinuous;
(ii) the C-enveloping group EL is a torus;
(i3) F admits an invariant metric;
(iv) F admits a bundle-like metric;
(v) F is quasiconformal;
(vi) F admits an invariant conformal structure.

In the second half of this paper, using the existence of invariant metrics, we
construct a Morse-Bott function which can be used to count the closed leaves
of a quasiconformal contact foliation. This will allow us to conclude the validity
of the strong Weinstein conjecture for quasiconformal contact foliations. In
particular, this shows that every quasiconformal Reeb field on a closed contact
manifold satisfies the Weinstein conjecture, a result not previously known, to
the best of the author’s knowledge.

Theorem B A quasiconformal contact foliation of codimension 2n on a closed
manifold M has at least n + 1 closed leaves.

We can actually provide a better lower bound, depending on specific prop-
erties of the contact foliation and on the topology of the ambient manifold.
To this end, we take inspiration from previously known results in Contact
Dynamics regarding K-contact manifolds [3] and metric f-K-contact mani-
folds [4]. These are particular types of f-structure (in the sense of Yano [5])
whose automorphisms preserve a specific metric tensor, called a contact met-
ric. In order to qualify as a contact metric, a metric tensor must satisfy several
compatibility properties concerning the tensor f. What we discovered is that,
surprisingly, the properties that allowed the construction of the Morse-Bott
function in [3, 4] do not really depend on the tensor f or the contact metric,
but only on the fact the Reeb fields are Killing (for any metric). We were thus
capable of extending the construction of the Morse-Bott function to the much
more general class of isometric g-contact structures.
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1.1 Structure of the paper

Section 2 discusses the basics of contact foliations and isometric contact
actions. In Section 3, we define the notions of C'-equicontinuity, conformality
and quasiconformality and show how all such notions are equivalent. Finally,
in Sections 4 and 5, we relate the basic cohomology of a C'-equicontinuous
contact foliation to its closed orbits and the topology of the ambient manifold.

2 Preliminaries

2.1 Contact foliations

A contact foliation is a generalisation of the flow of the Reeb vector field
determined by a co-orientable contact structure. The analogue structure
determining the contact foliation is called a g-contact structure, defined as
follows.

Definition 1 (g-contact manifolds [1]) Let n,q be positive integers and consider
a 2n + g dimensional differential manifold M. A g-contact structure on M is
a collection X = (A1, ,Aq) of g linearly independent non-vanishing 1-forms A;,
together with a splitting

TM=R®E

of the tangent bundle, satisfying the following conditions:
(1) 6 = ker )\1,
(ii) for every ¢, the restriction dA;|¢ is non-degenerate;

(iii) for every 4, one has kerd\; = R.

A manifold endowed with such structure is called a g-contact manifold and denoted
by (M,\,R ® &), or simply by M when the context permits. We call the collection
{\;} an adapted coframe for the g-contact structure, and the g-form

A= AL A AAg #£0

is called the characteristic form. The bundles R and £ are called the Reeb
distribution and g-contact distribution, respectively.

Such a structure defines a unique set of ¢ vector fields R; on M, called the
Reeb vector fields, satisfying the following properties (cf. [1, 2]).

Lemma 1 There is a unique collection of linearly independent wvector fields
Ry, , Rq tangent to R satisfying the relations

(i) Mi(R;) = bi5;
(1) [Ri,R;] =0, foralli,j=1,---,¢;
(m) R = Span{Rl, . 7Rq}.
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Since the Reeb fields are pair-wise commutative, Frobenius Theorem
implies that R integrates to a g-dimensional foliation F on M, called the con-
tact foliation. Note that when ¢ = 1, the definition becomes that of a contact
manifold, and the contact foliation is simply the flow-lines of the Reeb field.

More generally, item (ii) in Lemma 1 above implies that, for s =1,--- ¢,
each of the bundles

Rs :=Span{Ry, -+, Rs},
is integrable, with underlying foliation F;. Of course, R, = R and F; = F.
Moreover, the leaves of F,;1 are submanifolds of M foliated by the leaves of
Fs. For every s, the leaves of F, can be thought of as the orbits of a locally
free action of R® on M, and therefore their topological type is R! x T*~ for
some 0 < [ < s, where T*~! is the (s — [)-dimensional torus.

We say that the contact foliation F satisfies the weak generalised Weinstein
conjecture if it has a leaf which is not homeomorphic to a plane and that it
satisfies the strong generalised Weinstein conjecture if it has a toric leaf (cf.
2]).

Following [6], we say that a holonomy invariant transverse measure for a
foliation F is good if it is non-atomic and the union of all the leaves in its
support is the entire ambient manifold M.

Lemma 2 The measure p; = ||[dA}]| is a good measure for F, fori=1,--- ,q.

Proof Condition (ii) in Definition 1 is equivalent to dA}' # 0, and therefore u; as
defined is a F-invariant volume form on £. The measure p also have full support,
because given a transverse section 7', x € M and y € F(z)NT, any open set U C T
containing y is such that u;(U) > 0. Thus F(x) € supp(u;), and since z is arbitrary
it follows that
Flx) =M,
F (x)€supp(s)
and therefore, u; is a good measure. (|

2.2 Invariant metrics

Definition 2 We say a contact foliation is isometric if the ambient manifold M
supports a metric for which every Reeb field is Killing. In other words, a metric on
M is invariant under the contact action.

Recall that a bundle-like metric on a foliated manifold (M, F) is a metric
g on M whose restriction to the normal bundle of F is holonomy invariant. As
shown in [2; Section 3.2], every bundle-like metric for a g-contact foliation can
be modified in the Reeb bundle R to obtain a metric for which every Reeb field
is Killing. So, when studying closed orbits of Riemannian contact foliations,
there is no loss of generality in restricting attention to the class of isometric
foliations.
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Isometric g-contact structures directly generalise some previously known
contact-like structures.

Ezample 1 (K-contact, Sasakian and metric f-K-contact manifolds) In a contact
manifold (M, \), the pair (ker A\,d\) is a symplectic bundle over M. Therefore it
supports a compatible, almost complex structure J. If R is the Reeb field, we extend
J to the whole TM by setting J(R) = 0. The equations

g(JX,Y) = d\(X,Y),
9(R, X) = XN(X),

define a Riemannian metric on M, called the contact metric. When R is Killing
with respect to the contact metric g, M is said to be a K-contact manifold. If this
structure satisfies the additional condition

(VxJ)Y =g(X,Y)R - A(Y)X,

the manifold M is said to be Sasakian. If the Reeb field is Killing with respect to
a metric g (not necessarily a contact metric), then M is said to be an R-contact
manifold. (cf. [3, 7-9]). For instance, every Brieskorn manifold is Sasakian [10,
Chapter 5, Section 7).

A metric f-K-contact manifold generalises the concept of a K-contact manifold
in that it allows for more than one Reeb field. Precisely, a metric f-K-contact man-
ifold (M, f, g, R;, \;) consists of an f-manifold (cf. [5]) together with a metric g,

Killing fields Rq, - - - , Rq and 1-forms Ay, - - - , Aq satisfying the following compatibility
conditions:
- Xi(Rj) = 6ij;

- d\(X,Y)=g(fX,Y) for all 4

- f(R;) =0 for all 4;

- Imf = N; ker \;;

- (flimf)? = —1d|mmy;

- 9(f X fY) = g(X,Y) = 30, M(X)N(Y).

In particular, there is a splitting TM = ker f @ Imf, and the fields R; span ker f and
are commutative. One way to obtain such structures is to consider the mapping tori
of automorphisms of K-contact manifolds preserving the K-contact structure (cf. [4]).

We remark that, in an isometric g-contact manifold, there are no compat-
ibility assumptions on the metric g; we ask simply that the Reeb fields are all
Killing. Furthermore, note that, in a metric f-K-contact structure, the exte-
rior derivatives d)\; are all equal, while in an g-contact structure they need not
be the same but only have the same kernels.

Definition 3 A g-contact structure defined by an adapted coframe {\1, -, A} is
said to be uniform if
dA; = d)j,

for every 1, j.
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The isometric g-contact structures defined by metric f-K-contact manifolds
are uniform. In general, a ¢-contact structure need not be uniform, as is the
case for the g-contact structure on SO(g, g+n)/SO(n) constructed by Almeida
in [1, Section 3.3.1] (for remarks on the different nomenclature used by Almeida
in his work, see [2]). Another example of a non-uniform g-contact structure is
the following.

Ezample 2 (Product manifolds) Suppose (M1,a1) and (Ma,ag) are contact mani-
folds, with Reeb fields S7 and Sa, respectively, and let M be the product manifold
M; x Ms. Then M supports a non-uniform 2-contact structure. Indeed, using the
canonical projections 7; : M — M;, for i = 1,2, let

Xi = ﬂ-;'k Si?

04 1= 7'('?052-7

& = 7] ker ;.
We define on M

Ay =01+ 02

Ao =01 — 02
It is clear that A4 and A_ are linearly independent. As

ker A+ = £ N& @ Span{X; F X2},
it is immediate that
£ :=ker \; Nker Ay = &1 N&o.

Moreover, if we let

1

Ry = §(X1 + Xa9),
1

R_ = §(X1 — X9)

then A\;(R;) = 0;; and it is easy to check that R := Span{R, R_} satisfies
TM =TM, &TMs =R®DE.
It remains to show that the derivatives d)\; are non-degenerate on £. Given Y tangent

to &, let p = (p1,p2) be a point in M, and write Y = Y] @ Ys, with Y; € & N TM;.
The equality d;|p(Yp, ) = 0 implies

day|p, (dm1Yilp, ,-) = £daz|p, (dm2Ya|p,, ),
or, in more explicit terms, that for any choice of Z; € Tp, M;, we have
dailp, (dm1Y1lp,, Z1) = £doz|p, (dm2Y2|p,, Z2).

This can only happen when dmiYi|p, = dmaYa|p, = 0, for both a; and ag are
non-degenerate. Hence

tyd\i =0 <= Y =0,
and the d)\; are non-degenerate on &, as we wished. Note that, because the fields X;
and X9 are 7i-related to S1 and 0, respectively, it follows that [X71, Xo] = [S1,0] = 0,
hence [R4, R_] = 0, and by uniqueness we conclude that R, R_ are indeed the
Reeb fields of the contact action. The Reeb distribution R can be seen as the span
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of both {Ry,R_} and {X;, X5}, hence its integral submanifolds are exactly the
products of flow-lines of M; and Ma.

If, moreover, there are metrics g; on M; with respect to which the fields S; are
Killing, then

* *
g :=m1g1 +T292

is a Riemannian metric on M for which the fields R+ and R_ are Killing, so the
product of R-contact manifolds is an isometric 2-contact manifold.

This construction can be generalised to the product of two g-contact struc-
tures whose Reeb distributions have the same rank. If M; has as adapted
coframe the collection {A1,---, A} and My the collection {n1,---,n,}, then
My x M, admits a 2¢-contact structure with adapted coframe given by the
forms

Ai =Ty + 5B,
ni =T — 5B,
fori=1,---,q, and splitting

T(My x Ma) = (7] R1 ® m3R2) ® (71§ @ m562).

3 Quasiconformality and equicontinuity

The existence of an invariant metric is a geometric property of the manifold.
We want to describe such property by dynamical means. In order to do this,
we consider a compactification of the group action. Note that the image F(R?)
of the contact action F : R? — Diff (M) is the subgroup spanned by all the
flows of the Reeb fields R;. In other words,

F(RY) = Span{exp (tR;); t e R,i=1,--- ,q}.

Now, Diff(M) is a Lie Group when equipped with the C'! compact-open open
topology 71, its Lie Algebra being that of vector fields on M.

Definition 4 (C'-enveloping group) Let F : R? — Diff(M) be an action. The
Cl-enveloping group of F is the closure

Ef := F(R9)
in the Lie group (Diff (M), 11).

Definition 5 The action F is said to be C'-equicontinuous if its C''-enveloping
group E}; is compact.

The C'-enveloping group acts on the manifold M in a natural way, and its
orbits are exactly the closures of the leaves of F.
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Lemma 3 Given a Cl-equicontinuous action F : R? — Diff(M) and x € M, the
orbit of © under the action of E}: is exactly F(x).

Proof Let y € F(z). Then there is a sequence an, € R? such that F"(z) — y and
since E};‘ is compact, F* — T € E};‘ (up to a sub-sequence). Hence y = T'(z) belongs
to the orbit of z under EL. Conversely, if y is in the orbit of z under EL, then there is
T = lim F% € EL such that y = T'(z) = lim F% (z), and therefore y € F(z). O

We remark that C'-equicontinuity is a relatively strong dynamic condition.
It means the family F(R?) is equicontinuous in the classic sense, and each of
the families of derivatives {dF?; a € R?} is equicontinuous, for every = € M.
As it turns out, being C'-equicontinuous and being an isometric action are
equivalent conditions.

Theorem 4 Let F' : R? — Diff (M) be a C’l—equicontmuous action. Then M supports
an F-invariant metric.

Proof Let go be any Riemannian metric on M. By hypothesis, E}m is a compact Lie
group. Let u be a Haar measure defined on the Borel o-algebra of E}; For each
p € M and X,Y € T, M we define a function

EL >R
e (e*go)P(X7 Y)= go|e(p) (dePX7 dePY)'

Note that two elements of E};‘ are close in the C! topology if they are close in
the compact-open topology and their derivatives are close as transformations. This,
together with the fact that gp is smooth, implies that the function defined by the
mapping 3 is continuous. We defined a metric tensor g on M by averaging the metric
g90:
(X Y) = [ (€ q0)p(X.V)duce).
Bl

This is a Riemannian metric since it is smooth, bi-linear and positive-definite.

Moreover, it is invariant under the action of E};, as for any f € E}; one has

(F*9)p(X,Y) = gol f(p)(dfp X, dfpY')

= / . e*go\f(p) (dpr, dpr)
ecEq

— [ D ab(x.Y)
ecEy

= gP(X7 Y)7

thus f*g = g. In particular, (F*)*g = g for every a € R?, that is, F' is an isometric
contact action. (]

Thus, C'-equicontinuity is simply a dynamical expression of the geometric
property of preserving a metric.
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Every C'-equicontinuous action is, in particular, equicontinuous and, there-
fore, strongly recurrent. To be more precise, the action F' is uniformly almost
periodic [11, Theorem 2.2] so that every leaf F(x) returns arbitrarily close to
x infinitely often. For C'-equicontinuous contact actions, it was shown in [2]
that there are at least two actual closed orbits. In Section 4, we will use Morse
Theory to improve this lower bound.

3.1 Quasiconformal and conformal contact foliations.

Suppose M is a g-contact manifold with a Riemannian metric g. At a point
x € M and an element a € R?, we consider the mappings

Lp(x,a) := max{|dFiv| ; v €&, and |v| =1},
lp(z,a) := min{|dFv| ; v €&, and |v| = 1}.

Together, these quantities define the &-eccentricity of the action F' as the ratio

Ep(z,a) = m.

This map measures how much the unity ball in £, is deformed into an ellipsoid
in §pa(y) by the transformation dFy.

Definition 6 (Quasiconformal contact action) We say the contact action F is
quasiconformal with respect to the metric g if its £-eccentricity mapping

Er:MxR? SR

is globally bounded. Moreover, if Erp = 1, we say the contact action is conformal.

In the case of a contact manifold (M, A), the action F' is simply the flow of
the Reeb field Ry, and we say that the field Ry is quasiconformal.

We remark that for compact M, quasiconformality does not depend on the
metric since any two Riemannian metrics g, g’ are quasi-isometric. This is not
true for conformality, as a change of metrics will generally change the function
FEr. This is because quasiconformality is a dynamical property, whereas con-
formality is mostly a geometric one. Indeed, it is not hard to see that Er =1
for a metric g if and only if there is a positive function f : M — R such
that (F*)*g = fg. In other words, the contact action F' supports an invari-
ant conformal structure, i.e, a class [g] of Riemannian metrics all of which are
multiples of each other by positive functions.

Lemma 5 Let T be a complete transversal for the contact foliation F. If the action
is conformal, then the holonomy pseudogroup of F with respect to T consists of
conformal transformations.



Springer Nature 2021 BTEX template

10 Quasiconformal contact foliations

Proof Let h : D(h) — R(h) be a holonomy transformation of F. We are going to
show that every point of D(h) has a neighbourhood restricted to which h preserves
the conformal structure [g], and therefore h : D(h) — R(h) is a conformal transfor-
mation. Now, since F is the orbit foliation of an action F' : R? x M — M, given
x € D(h), there is an open set U C D(h) containing z, and a function 7 : U — RY,
such that h(u) = F(7(u),u) for every u € U. However, F' is a composition of the
flows of the Reeb field, each of which preserves the conformal structure [g]. Hence
F, and therefore h, preserve the conformal structure [g] on the open set U. 0

Corollary 6 The underlying foliation of a conformal contact action is a transversely
flat conformal foliation, in the sense of [12].

In general, in this order, Riemannian, conformal and quasiconformal folia-
tions form a hierarchy of weaker properties. In the case of contact foliations,
however, all these classes are the same, as the next results show.

Lemma 7 If a contact action F on a compact manifold M is quasiconformal, then
there is a conformal structure v preserved by F.

Proof This is a theorem of Tukia [13] for quasiconformal actions of general groups. In
the case of contact actions, the proof goes roughly as follows. The space C‘f(m) of all
conformal structures in &; can be endowed with a canonical metric making it into a
non-positively curved space. Given a conformal structure 79 € C*(F®(z)), the subset

C(a) = {(dF7) ! (ro(F*(x))); a € R}
is a bounded subset of C¢(z), due to the quasiconformality of F. Since C¢(z) is of
non-positive curvature, this implies the existence of a unique ball of minimal radius
containing C(z). It can be shown that the centre of such a ball is an F-invariant
conformal structure.

In a different context, the same arguments were used by Sadovskaya to prove a
similar result for quasiconformal Anosov actions (cf. [14, Proposition 3.1]) O

Theorem A Let F be a contact foliation on a closed manifold M. The following
are equivalent.

(i) F is C*-equicontinuous;
(ii) the C'-enveloping group EL is a torus;
(i11) F admits an invariant metric;
(iv) F admits a bundle-like metric;
(v) F is quasiconformal;
(vi) F admits an invariant conformal structure.

Proof First, let us show that (i), (ii), (iii) and (iv) are equivalent.
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(i) = (ii): using Theorem 4, we choose an invariant metric g on M. By Myers-
Steenrood theorem, [15], the space Iso(M,g) is a compact Lie group, hence E}g‘ is a
compact Abelian Lie subgroup, and therefore a torus.

(i) = (iit): this is a particular case of the averaging procedure of Theorem 4.

(i) = (iv): if (iii) holds, then the restriction of an invariant metric g to the
normal bundle ¢ is bundle-like; thus, (iv) also holds.

(iv) = (i): if ¢" is a bundle-like metric on &, then
q
9=9" @Y (N®N)
i=1

is an invariant metric on M (cf. [2]). Thus EL is a closed subspace of the Hausdorff
compact space Iso(M, g). Therefore (i) is also true. This shows the equivalence of the
first four assertions.

Now, we show that the last two items are equivalent to (iii). That (iii) implies
(v) and (vi) is straightforward because the invariant metric g defines an F-invariant
conformal class [g]. As for the remaining implications, we have

(v) = (vi): this is Lemma 7.

(vi) = (i#4): if (vi) holds, then F is a transversely flat conformal foliation, as
noted in Corollary 6. Now, the non-degenerate form d\; induces a good measure
for the foliation F, according to Lemma 2. Every transversely conformal foliation
supporting a good measure is, up to a choice of metrics, a Riemannian foliation (cf.
[6, Theorem A]), and therefore F supports a bundle-like metric. a

Ezample 3 Suppose (M, \) is a regular contact manifold. This means each point of
M has a neighbourhood U such that each flow-line of the Reeb field R intersecting
U passes through U a single time. If M is closed, this means all the Reeb orbits are
closed [16]. It follows from Lemma 3 that the enveloping group of R-action associated
to the flow of R is S 1, hence R is a quasiconformal field.

In [17, Theorem 1.1], the authors show that
(R3 X D2n_47 )\ot + wstd)

is a local model for any overtwisted contact manifold (M, o). More precisely,
they show that any overtwisted contact (M, «) manifold admits an contact
embedding of (R? x D?"~4(r), \), where A\ = Aot + wsid, for some 7 > 0, i.e. a
map

[ (R x D> 4(r), \) = (M, )

YHere Aoy = cos(p)dz+psin(p)df is the standard overtwisted contact form on R?® with cylindrical
coordinates (p, 0, z), and wgtq = % > (xidy; — yidx;) is the standard symplectic form on R2n—4
with coordinates (z1,y1, ,Tn—2,Yn—2).
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such that f*ker a = ker A\. Such contact embedding is not necessarily a strict
one, that is, it does not need to satisfy f*a = \. As an application of Theorem
A, we can show that for quasiconformal Reeb flows that is never the case.

Theorem 8 A contact form whose Reeb flow is quasiconformal does not admit
a strict contact embedding of (R3 X D2n74,/\ot + wgtd)- In particular, any over-
twisted contact structure admits a contact form whose associated Reeb field is not
quasiconformal.

Proof We begin by looking at the particular case of the 3-dimensional Euclidean
space (R37)\0t). We want to show its Reeb flow is not equicontinuous, and conse-
quently not quasiconformal. In order to calculate its Reeb field Rot = f0p+90g+ho-,
we write

dAot = —sin(p)dp A dz + (sin(p) + pcos(p))dp A db
=dpAa,
where o = (sin(p) + pcos(p))dfd — sin(p)dz. Then
0 =dp A a(Rot, ")
= dp(Rot)a — a(Rot)dp
= fl(sin p 4 pcos p)df — sin pdz] — [(sin p + pcos p)g — sin phldp
= [sin ph — (sin p + pcos p)gldp + f(sin p 4+ pcos p)df — f sin pdz.
Together with Aot (Rot) = 1, the above equations give rise to the the system
cos ph + psinpg =1
sin ph = (sinp + pcos p)g
f(sinp+ pcosp) =0
fsinp=0

which, for p > 0, has as solutions

f=0
_ sin p _ 2sin p
9= btsin(p)cos(p) — 2p+sin(2p)
h = sin p+pcosp _ 2sinp42pcosp
p+sin(p) cos(p) 2p+sin(2p)

where we made use of the relation sin(p) cos(p) = % Thus

2
= 2p+sin(2))
Note that the field does not depend on @ or z, nor does it have any radial components.
This means each cylinder {p = pg} is invariant under the flow of Rot and foliated by
its flowlines, which are helices in R3. In particular, consider a value pg > 0 for which

(sin(p)9y + (sinp + pcos p)ds) .

Rot

po + tan(pg) = 0.
Such value is an isolated zero of the function
2(sin p + pcos p)
2p +sin(2p)) '
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therefore the 0, component of R vanishes at the cylinder C defined by p = pg. The
restriction of the Reeb flow exp(tRot) to C' is a closed foliation by circles parallel to
the pf-plane. In particular, the z-component is constant along each flowline.

Fix a point zg = (po,00,20) € C. Given € > 0, in any J-ball centred in zg we
can find a point y = (py, 0o, z0) lying in a cylinder where the 0, component of Ryt
does not vanish. This means the orbit of y under the flow of Rot is a helix, and
therefore the z component of exp(tRot)y grows in module as ¢t goes to infinity. The
z-component of exp(tRot)xo, on the other hand, is constant. Hence the distance
between exp(tRot)y and exp(tRot)xo will be greater than e for large enough ¢, and
the Reeb flow is not equicontinuous.

Next, in the general case, we consider the model

(RS % D2’I’L*47>\)7

noting that its Reeb field R is simply Rot +0, which is not equicontinuous by the same
arguments as above. Now, given an arbitrary overtwisted contact manifold (M, «)
whose Reeb field R, is quasiconformal, if the embedding f : (R? x D?"~4(r), \) —
(M, ) were strict, the relation f*a = A would imply that R« is not equicontinuous,
a contradiction. ]

Recalling the dicotomy overtwisted/tight in contact geometry, Theorem 8
raises the question: is it true that every quasiconformal Reeb field is associated
to a tight contact structure? The converse affirmation is not true. Indeed, the
standard contact form on the 3-torus is tight (even more, it is strongly fillable
[18]) but it is not equicontinuous, and therefore not quasiconformal. Similar
constructions hold in higher dimensions [19].

4 Counting closed orbits

In this section, we use Morse Theory to relate the number of closed leaves in
an isometric contact foliation to its basic cohomology. To this end, we begin
by constructing a suitable Morse-Bott function on M, whose critical set is the
collection of closed leaves. Our arguments follow the same ideas from [4, 20],
but without any condition on the metric g other than its invariance under the
contact action F'.

Suppose F is a C''-equicontinuous foliation on M, and let g be an invariant
metric. Since each Reeb field is Killing, we can define the following:

Definition 7 (Associate tensor field) For each Reeb field R; of an isometric contact
foliation F, its associate tensor field is the (1, 1)-tensor

fi :XHVXRZ‘. (1)
Using Koszul’s formula, we see that these tensors satisfy

G, Y) = SaN(X,Y). @

Lemma 9 For every i, the associated tensor field f; is such that
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(i) fi is skew-symmetric with respect to g;
(ii) fi(R;) =0 for every j;
(ii) Imf; "R = {0};
(iv) (Kostant’s Formula) Vx f; = R(X, R;), where R is the curvature tensor.

Proof The first three items are immediate consequences of Equation 2. As for (iv),
note that the tensor field Lp,V is zero since the flow of R; consists of isometries,
which preserve the connection. Hence

0= (LR, V)xY
=Lp,(VxY) =V, xY = Vx(LgY)
= [Ri, VxY] = Vig, x]¥ — Vx[Ri, Y]
=VR,VxY = Vy,vRi - Vg, x]¥ —VxVRg,Y + VxVyR;
=VR, VXY = Vg, x1Y = VxVRY + Vx fi(Y) - [i(VxY)
=R(X, R)Y — (Vx fi)Y.

We consider the Lie algebra ¢ of the enveloping group

E =E}L = F(RY) = Span{exp(tR;); t € R,1 < i < ¢}.

Due to C'-equicontinuity, it follows that E is a torus and e is a subalgebra of
the family of Killing fields iso(M) containing I'(R), the space of fields tangent
to the Reeb distribution R.

For each point p € M, the isotropy subalgebra e, is defined as the set of
elements of ¢ whose value at p is zero, i.e., the fields in ¢ whose flow fixes p. This
is exactly the Lie subalgebra associated to the isotropy subgroup E, C E of p.
Recall the type of the orbit F(p) = W is the conjugacy class of its isotropy
group E,. Now, E is a torus (hence an Abelian group) and therefore each such
class has exactly one element. In other words, there is exactly one isotropy
subgroup in F for each orbit type. On the other hand, since M is compact, it
follows from the Slice Theorem that there are only finitely many orbit types
(see Theorem 1.2.1 and Proposition 1.2.4 in [21], for instance). Consequently,
there are only finitely many distinct subalgebras ¢,.

Note that e, has dimension at most dim £/ — g since the Reeb fields never
belong to it. We want to choose a vector field Z € ¢ avoiding subspaces of
non-maximal dimension, which is a generic choice in the following sense. We
write

e =¢, BI'(R) Ce,
and let b be the (finite) union of all the “bad” subspaces ¢, # ¢, that is, those
whose dimension is non-maximal. We choose a Killing field Z to satisfy

Zee\b. (3)



Springer Nature 2021 BTEX template

Quasiconformal contact foliations 15

This subset is nonempty because the orbits of minimal dimension are asso-
ciated to the isotropy subgroups (and equivalently, subalgebras) of maximal
dimension (cf. [21, Section I1.2] and [22, Section 1.4]). The foliation F has at
least two closed leaves [2], which are minimal orbits under the action of E. For
instance, if all the leaves of F are closed, then dim E' = g and therefore b is
empty. In this situation, condition (3) above is trivially satisfied for any field.

Since LzA; = 0 for any ¢, we have d(tz\;) = —itzd);. Thus the critical
point set C' of the map

S:M—R
p = tzXi(p)

is exactly the set of points where d\;(Z,, ) = 0, that is, the set
C={peM; Z,e Ry} 4)

Remark that Z is an F-foliated field, i.e., its flow preserves the foliation F. In
particular, if Z is tangent to R at a point p, then it must be tangent to R at
every point of F(p), and Fp is invariant under the flow of Z (see the proof [2,
Theorem 3.19], for instance). This means C' is a F-saturated subset of M.

Now, in light of our choice of Z, the dimension of the orbit E(p) of a point
p € C can not be greater than ¢. Together with the equality on (4), this allows
us to further characterise C' as

C={pe M; dimE(p) = ¢}
={p e M; F(p) is closed}.

Thus, C is precisely the union of the closed leaves of the contact foliation F.
Moreover, C is the union of fixed points of the subtori 7' C E whose dimension
is dim E' — ¢, and therefore a submanifold of M.

Remark 1 As shown in [2, Theorem 3.23], the set C' has a decomposition C' = U; N,
where each NV; is a totally geodesic submanifold of (M, g) of even codimension. Each
such N; is saturated under F, and can therefore be seen as a foliated manifold
(Ni, F|N,), where F|y, is simply the collection of closed leaves passing through N;.
Clearly, we have R C T'N; for each such submanifold. Our choice of Z in a maximal
isotropy subalgebra of ¢ ensures that, given a point p € N;, there is a neighbourhood
of p in M where all the zeros of Z belong to N;.

Lemma 10 Let N be a connected component of C' and p € N. Consider the Killing
field
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and the tensor field

where the f; are the associated tensor fields from Definition 7. Then for all v,w €
TpM perpendicular to N we have:

(i) VoK =V,Z — ®(v) is a non-zero vector perpendicular to N. In particular,
VoK €&p.
(ii) Hess(S)], (v, w) = 20(R(R:,v)Zp + fi(VoZ), w).
(iii) The Hessian of S along N is non-degenerate in directions orthogonal to N.

Proof We remark that R C TN, and since R and £ are orthogonal as per choice of
g, it follows that T+ N C &. To prove (i), first note that the Lie algebra of E has a
decomposition ¢ = ¢, ®I'(R), and Z = K + >, \;(Z)R; is simply the corresponding
decomposition of Z. Evaluating the connection in the direction of v yields

q
Jj=1

q
=V, K + Z(vAj(Z)Rj +X(Z2) f(v))
i=1

q
= VoK +®(v)+ > _(vAj(Z))R;. (5)
j=1
Now notice that on N the vector Z is tangent to R, and since v € £, it follows that
Aj([v, Z]) = 0 for every j. Hence
U)\j(Z) = d/\j(v, Z) + Z)\j(v) + /\j([U, ZD = d/\j(v, Z) = 0,
and therefore Equation 5 becomes VK = V,Z — ®(v), as wanted.

We claim VK # 0. To see this, suppose by contradiction that V,K = 0 and
consider a geodesic vy starting at p with velocity vector v. Since K is Killing, it is a
Jacobi field for v, and since K = 0, it follows that K|y = 0. On the other hand, our
choice of Z implies that, in a neighbourhood of N, the only zeros of Z are those in
N. Thus v C N, which contradicts the orthogonality of v to N. Therefore V, K # 0.

Now, to see that VK is orthogonal to N, we note that N, being the zero set of
a Killing field, is a totally geodesic submanifold. Together with the facts that K is
Killing and K|y is tangent to N, this implies V x K tangent to N for any X tangent
to N. Thus

9(VoK, X) = —g(VxK,v) =0,
and since X was arbitrarily chosen, it follows that V, K € TN C &.

As for (ii), we consider fields V' and W extending v and w. Suppose these fields
are obtained employing parallel transporting v and w along the geodesics starting at
p. Observe that R; and Z are commuting Killing fields, hence

VR, Z = fi(Z) + [Ri, Z] = fi(Z).

Using the relation above, the properties of our choice of Z, and Lemma 9(iv), we
obtain

Hess(S)|p (v, w) = V(WS(p))
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=V(WAilp(2))
=V(Wap(Ri, Z)
= Vigp(fi(W), 9p(Ri, Vw Z))

Z)+
=V(=gp(fi(2), W) — gp(fi(Z), W)
= _QVQP(fz(Z)vw)

= —2(gp(Vv fi(2), W) + gp(fi(Z), VVW))

= =2(gp((Vv I)(2) + fi(Vv Z), W) + §d/\z'(Zy VyW)
= —2g(R(v, R;))Z + f; (Vv Z),w).

Finally, to see that Hess(S)|p is non-degenerate in the normal bundle of N, we use
Kostant’s Formula and observe that

R(X,R)R; = (Vx fi)R; = Vx (fi(R})) — fil(VxRj) = —fif;(X).
Now we use item (ii) with w = f;(V, K), yielding:
Hess(5)[p(v.fi(Vo K)) = =29(R(v, Ri)Z + fi(Vo Z), fi(Vo K))
= —29(R(v, Ri)Z, [i(VoK)) + g(+fi(VvZ), fi(VuK))

q
= —29 (Z Lz)\jR(’U, Rl)R] + fi(VUZ), fi (VvK))

=1

q
=-2g (— > wzAjfifi() + fi(@() + VoK), fi(va))
j=1
= =29 (= fi(®(v)) + fi(®(v)) + [i(VuK), fi(VuK))

= =2[|(fi (Vo K), fi( VoK)

Now note that f;(VyK) # 0. In fact, suppose by contradiction that f;(V,K) = 0.
Then, for every X € &:

0= 9(X, fi(VoK)) = ~g(fi(X), VoK) = ~ ZdA(X, VoK),

which can not happen since d\; is non-degenerate on €. This means for each v normal
to N there is another vector f;(VyK) such that Hess(S)|p(v, fi(VoK)) # 0, that is,
Hess(S)|p is non-degenerate in normal directions. O

Recall that the Betti number b;(M; R) is the dimension of the i-th coho-
mology group HY,(M) over R. Similarly, we define the F-basic Betti number
b;(F) to be the real dimension of the basic cohomology group H5(F). The
F-basic Poincaré polynomial of the foliated manifold (M, F) is

codim(F)

=0

the fact that § : M — R is a F-basic Morse-Bott function allow us to
relate the F-basic Poincaré polynomials of the foliated manifolds (M, F) and
(N, F|n) (see Remark 1). In order to do that, we apply the results from [23]
to each connected component N of the critical set C', getting;:
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Theorem 11 The F-basic Poincaré polynomials for M and N satisfy
Pr(t) = 6% Pry, (1),
N

where N runs over all the connected components of C, and iy is the index of N,
i.e., the rank of the negative normal bundle of N with respect to S.

In particular, by evaluating both sides at ¢ = 1, we obtain

Theorem 12 Let (M, XREB{) be an isometric contact foliation, and, for Z a vector
field chosen as above, consider the critical point set C' of the Morse-Bott function
S :pw XNi(Zp). Then

dimg Hj(F) = dimg H5(F|c).
In particular, if F has only finitely many closed orbits, then the dimension of the
basic cohomology ring Hi(F) is ezactly the number of closed orbits of F.

Theorem 12 allows us to estimate the number of closed orbits by studying
the basic cohomology of the contact foliation F. The first thing to note is
that the even-dimensional basic cohomology groups are never zero because the
exterior derivatives of the adapted coframe X define non-zero basic forms. It
is known that an invariant transversal volume form p for a harmonic foliation
(M, F) represents a non-zero class on the top-dimensional basic cohomology
space HEUmF (F). This implies, in particular, that if F is a foliation of even
codimension 2n, and w is an invariant transversal symplectic form, then [w]® #
0€ HY(F) fori=1,---,n (cf. [24, Theorems 4.32 and 4.33]). In the case of
g-contact structures, one notes that the operator

w'—>/ AN w,
M

where A := A; A .-+ A A4 is the characteristic form, descends to an operator
H%(F) — R, because the g-form A is F-closed (cf. [2]). Such operator maps
[dX\;]™ to a non-zero number, since A A (dA;)™ is a volume form on M, hence
[dX\;]™ # 0, and consequently [d\;]7 # 0 for every j =1,--- ,n.

To better use this fact, we associate with each adapted coframe the
following quantity.

Definition 8 Let (M, X, R & &, g) be an isometric contact foliation on the (2n + q)-
dimensional manifold M. Define 60(X)_ =1, and for ¢ = 1,--- ,n, let 6;())) be the
dimension of the linear subspace of Ha (F) spanned by {[d\1],- -, [dA\q]’}. In other
words

8;(X) := max{#L; L C {[dA\1]’,---,[dAq]'} is linearly independent}.
The natural number

S(N) = zn:&'(x) =1+ 6N

%

I
<
o
Il
o
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is the basic dimension of the adapted coframe X.

-

Note that d;(A) is bounded below by 1 and above by either ¢ or the
dimension of H% (F). Hence the basic dimension satisfies the inequalities

n+1<8(X) < min{gn + 1,dim H& (F)}. (6)

We remark that for uniform contact foliations, the basic dimension is always
minimal, i.e., equal to exactly n + 1. Using Theorem 12 we obtain

Theorem B Let F be an Cl—equicontmuous contact foliation on a closed manifold

M. Then the number of closed orbits of F is at least 6(\) + by (M; R). In particular,
an isometric contact foliation of codimension 2n has no less than n+1 closed orbits.

-

Proof By construction, we have 0;(A) < bg;(F). Thus it is immediate that the basic
dimension of the adapted coframe is a lower bound for dimg H%(F). Note that this
bound does not take into account the dimensions of any of cohomology groups H ]ig (F)
for odd ¢. On the other hand, it was shown in [2, Theorem 3.10] that every harmonic
1-form on an isometric g-contact manifold is also F-basic, implying an isomorphism
HYp(M) ~ HE(F) (cf. [2, Proposition 3.11]). In particular, by (M; R) = by (F), and
therefore §(X) + by (M; R) is a lower bound for dimg HE(F). O

The following is a direct application of Theorem B.

Theorem 13 On a closed manifold, every quasiconformal Reeb field satisfies the
Weinstein congjecture. Moreover, if the dimension of the ambient manifold is 2n+1,
then the Reeb field has at least n + 1 closed orbits.

As a corollary, we present a new proof of a result of Banyaga’s.

Theorem 14 (Theorem 1 in [20]) Let M be a closed manifold and X a regular contact
form on M. If N is C?%-close to X, then (M, X) satisfies the Weinstein conjecture,
and its Reeb field has at least 2 closed orbits.

Proof The contact condition for 1-forms is simply that A A d\ > 0, which is clearly
open in the C’l—topology. On the other hand, quasiconformality is also an open prop-
erty. As seen in Example 3, the Reeb field associated to A is quasiconformal. If A
and )\ are sufficiently C?-close, then their contact actions F and F)/ are C'-close
enough to guarantee that F, is also quasiconformal. Therefore, (M, \') satisfies the
Weinstein conjecture, due to Theorem B. In particular, the Reeb field must have at
least 2 distinct closed orbits. (|
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As remarked before, the basic dimension does not take into account any of
the odd-dimensional basic cohomology groups. Hence, one should not expect
it to be equal to the number of closed orbits.

Ezample 4 We consider the 7-dimensional Stiefel manifold
. SO(5
Va5 m SO )/50(3)-

As shown in [25, Section 8], Va5 supports a K-contact structure (c, g) whose Reeb
field S has exactly 4 = §(«) orbits. We consider the 14-dimensional manifold M =
V2,5 x Vo 5, and denote by m; : M — V3 5 the projection on the i-th coordinate. For
1 =1,2, we write

PR — *
9i ‘=T g,
*
o =T Q,
*
X;=m; S.

Then the 1-forms

Ay =01+ 02

A_ =01 — 02
define an non-uniform 2-contact structure on M whose Reeb fields are Ry =
2_1(X1 + Xg9) and R_ = 2_1(X1 — X5), respectively, as in Example 2. The metric
g = g1+ g2 on M is such that each Reeb field R; is Killing, so that (M, {A+, -}, g)
defines an isometric 2-contact structure. The contact foliation F is the product of
the contact flows in (V2 5, ). In particular, the closed leaves are exactly the products
of closed flow-lines. Hence (M, F) has exactly 16 closed leaves, and dimg Hp5(F) is
16, according to Theorem 12. On the other hand, the Stiefel manifold V5 5 is a real
cohomology sphere of dimension 7. Hence the Kiinneth formula implies that the first
cohomology group of M is 0. Moreover, F has codimension 12 = 2 - 6, hence the
minimal number of closed leaves of F as given by Theorem B is 7. Using Equation
6, we conclude that the basic dimension of the coframe {4, A_} is bounded above
by 2-6 + 1 = 13, so that is the maximum number of closed orbits one could assume
F has by using the estimates of Theorem B alone.

Observe that the basic dimension 6({Ay, A_}) is not minimal. In general,
for an adapted coframe {1, -, Ag}, two basic classes [d)A;] and [d);] satisfy
an equality

[dXA;]' = aldA;]'
for a non-zero real number a if and only if there is a basic (2] — 1)-form 7 such
that
(dXi)' = a(dX;)! = dn,

and therefore

i A (dN)'TE—adg A (dh) T =0+, (7)
where 6 is a closed (20 — 1)-form. In particular, in the case of the manifold M
of Example 2, if we assume d; ({\y, A_}) =1 and apply Equation 7 we get

Ap —a\_ =df +0, (8)
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where f is a basic function and df = 0, because Hp(F) ~ Hip(M) = 0 (cf.
[2, Proposition 3.11]). Taking exterior derivatives in Equation 8 we obtain

(a — 1)doy = —(a + 1)dos,

which can not happen for any real a. Thus §; ({\4, A_}) = 2 and consequently
5({\4,A_}) = 13 is strictly bigger than 7 = 2~ 'codim(F) + 1.

5 Cohomology of isometric contact foliations

As shown in Example 4, the lower bound of 27 codim(F) — 1 need not be the
exact number of closed orbits, even when there are only finitely many of them.
However, in the case when the number of closed orbits is finite and minimal,
i.e., equal to exactly 27 'codim(F)— 1, then substantial topological restrictions
are imposed on the ambient manifold. This is true for metric f-K-contact
structures, and since we showed in Section 4 that the function S : M — R
is Morse-Bott even without the presence of the tensor f, those topological
restrictions carry over to the more general class of isometric uniform g-contact
manifolds. All the proofs in [4] apply, mutatis mutandis, to the case of g-contact
manifolds, giving rise to the results in this section.

Lemma 15 [/, Proposition 4.4] Let F be a q-dimensional contact foliation, and Fs
be the integral foliation of the bundle spanned by the Reeb fields Ry,--- , R;. If F is
Cl-equicontmuous, then for s =0,---,q — 2 there are short exact sequences
0 — Hp(Fsp1) — HB(Fs) — Hpy *(Fsq1) — 0,
as well as a long exact sequence
oo H(F) = Hy(Fy1) = H YF) S HEFY(F) - -
where §([o]) = [dAg—1 A o).

Now, if the isometric g-contact structure is also uniform, that is, if d\; = w
for every i, then the first de Rham cohomology group of M has dimension
at least ¢ — 1 since each form A; — )\, is closed and non-exact [2, Proposition
2.36]. In particular, we can obtain a homomorphism A(R?') — HJ,(M),
where A(R?71) is the exterior algebra on ¢ — i generators, by sending the i-th
generator to the class [A\;—\g]. This gives H}p (M) the structure of an A(R?™1)-
algebra, and then the exact sequences of Lemma 15 allow us to conclude the
existence of the following isomorphism (cf. [4, Theorem 1.1])

Hip(M) = A(RT™Y) @ Hp(F) 9)

Using the isomorphism above, we obtain

Theorem 16 [}, Theorem 6.4] For a uniform Cl-equicontmuous q-contact foliation
F on a (2n + q)-dimensional closed manifold M, the following are equivalent.
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(i) F has exactly n+ 1 closed orbits;
(i) The basic cohomology of F is the same as the de Rham cohomology of CP"™;
(i1i) The basic cohomology of Fq_1 is the same as the de Rham cohomology of
the sphere S2n+1;
(iv) The de Rham cohomology of M is the same as that of S?"+1 x T4~1,

Concerning item (iv), we remark that a general uniform g-contact foliation
is known to be a fibration over the torus T¢~! [2, Theorem 2.38], while a similar
result of Goertsches and Loiudice [26] states that every metric f-K-contact
manifold can be constructed from a K-contact manifold by taking mapping
tori and applying certain deformations.

6 Conclusions and further research.

In conclusion, we have established the equivalence between different notions
of regularity and the existence of invariant transverse geometric structures
for contact foliations. Specifically, we now know that C'-equicontinuity, the
existence of an invariant metric, the existence of a bundle-like metric, qua-
siconformality, and the existence of an invariant conformal structure are all
equivalent properties of a contact foliation on a compact manifold.

Furthermore, we have extended existing arguments and constructions to
a broader class of contact-like structures, which allowed us to significantly
improve the lower bound on the number of closed orbits for isometric contact
foliations. Specifically, we have increased this lower bound from 2 to n + 1 in
ambient codimension 2n.

In future studies, we would like to further explore the relationship between
quasiconformality and tightness in contact structures. Based on our results
exposed in Theorem 8, we conjecture that every quasiconformal Reeb field
must be necessarily associated to a tight contact structure. Additionally, we
plan to examine the applicability of our findings to more general contact-like
structures, such as the k-contact structures defined in [27].

Lastly, we are currently focusing on applications of the theory of ¢g-contact
structures. Specifically, we believe that quasiconformal contact actions can
be utilised to classify quasiconformal Anosov actions, extending classification
theorems for Anosov flows found in Fang’s seminal work [28].
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